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Abstract

We solve for the ground states of *He and SHe with ab initio configuration interaction methods
using the Daejeon16 nucleon-nucleon (N N) interaction. Using the full ground state wave functions,
we evaluate pairwise correlations to characterize the structures of these two systems. We use
coordinate-space pair correlations to address the halo structure of 5He relative to “He. We then
build a 3D analytic model followed by a 3D numerical model matching these correlation results.
Although these models are static and are classical candidate models for the preferred configuration
of the ground state of SHe, they provide an intuitive visualization of the ®He nucleon spatial
correlations. We find a nearly planar configuration for the a cluster in He, and a nearly equilateral
triangle configuration for the center of mass of the « cluster with the two valence neutrons. Using a
modified 3D numerical model (M3DNM), we obtain the opening angle of the two valence neutrons
with respect to the center of mass of the «a cluster 8, = 58.5f2:;‘ degrees and root-mean-square
(rms) separation of the two valence neutrons \/7% = 4.12f8fg fm, both of which are consistent with
the results from a phenomenologically modified continuum-discretized coupled-channels (CDCC)
method. On the other hand, our 6,, is 5°~15° smaller than the unmodified CDCC result. The
upper bound of the estimated uncertainty of our \/@ is about 0.2 fm smaller than the lower

bound of uncertainty of the experimental value obtained by an interferometry technique.

I. INTRODUCTION

Clustering phenomena within the atomic nucleus have long been an attractive topic to
nuclear physicists, since it bridges the degrees of freedom of individual nucleons to possible
collective structures within the nucleus. As a natural example, certain nuclei near the “drip
lines” (where nucleons are free to escape) form a more tightly bound core and a “halo” made

of one or more nucleons loosely bound to the core [IH5].
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Neutron halos have drawn significant attention since the 1980s when the surprisingly large
interaction cross section of 'Li compared with other Li isotopes was observed in radioactive
ion beams (RIB) transmission experiments [6H8]. They also display a narrow core momentum
distribution in peripheral breakup reactions [9, [10]. Strong electric dipole (F1) excitations
at low excitation energy were observed in some of the halo nuclei, attributed to their weakly
bound halo neutron(s) undergoing excitation to the continuum states [IIHI3]. Although
there is no clear-cut distinction between the halo and non-halo nuclei, halo nuclei possess
some common features. Nuclei with a neutron halo, for example, present a long tail in the
density distribution profile, and have exceptionally small neutron separation energies for the
halo neutron(s).

Over the years, many efforts have been made to extract the clustering information from
ab initio calculations. The ab initio NCSM/RGM (no-core shell model/resonating group
method) was used to perform calculations on a *He(g.s.)+n+n cluster basis which was
consistent with ab initio NCSM calculations without a cluster basis [14H16]. Cluster form
factors were extracted [17], and further improvements have been made to the work of three-
cluster dynamics within ab initio no-core shell model with continuum [I6], [I§]. The ab
initio lattice approach implementing chiral effective field theory successfully modeled a 3-«
structure for the Hoyle state of 2C [19]. More recently, ab initio configuration interaction
methods have revealed important roles of a-clustering in light nuclei including details on the
ground and Hoyle excited state of ?C [20]. In addition, measures of entanglement of *He
and ®He nuclei were explored using ab initio nuclear many-body calculations [21], where a
core-valence structure naturally emerges from the full no-core calculation of He by analyzing
common features of entanglement.

From a computational point of view, studying the clustering properties of nuclei could
help us design improved basis functions and to usefully subdivide the Hilbert space into
regions of greater and lesser importance. Spatial information such as the average relative
separations of nucleons in a system is key to characterizing the cluster wave functions.

To this end, we propose a novel method for extracting the semi-classical spatial infor-
mation from ab initio calculations, utilizing two-body observables. Previously, one-body
observables have been used in the ab initio NCSM [22] with great success in revealing in-
formation on the clustering of Li isotopes [23] 24] and Be [24], which is a one-neutron halo

nucleus. Using two-body operators has the advantage of unfolding the detailed structure
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of the dominant configuration, reflecting the differences in the nucleon-nucleon correlations
among the pairs of nucleons.

We choose %He as a test case for this new method owing to its relative simplicity. It is
the lightest Borromean halo nucleus which means that none of the available two-component
substructure (n-n or n-a in the a+n+n system) is bound when one removes any third
component. In this case, one-body observables can smear out the structure for the 2n-
halo, while two-body observables can explore the relative distance between the two valence
neutrons compared with the relative distances of the other pairs of nucleons. Our primary
focus is to introduce our method and demonstrate its application to ®He in advance of
achieving fully converged ab initio NCSM results for the two-body observables that we
develop and employ. We defer the development of suitable extrapolation methods for these
two-body observables to a later project.

In the following sections, we first introduce the two-body operators we will use (Sec. II)
and the approach to solving the quantum many-body problem (Sec. IIT). We then present
and discuss the calculated expectation values of these two-body operators (Sec. 1V). Follow-
ing that, we introduce a 3D analytic model using our calculated two-body observables and
find that the halo structure of He can be realized with some major features (Sec. V-A).
Later on, we construct a 3D numerical model, which removes the geometric assumptions in
the analytic model (Sec. V-B). Finally, this model is modified by introducing a parameter
that accounts for a difference between two pairs previously assumed to share the same value
of root-mean-square pair distance (Sec. V-C). We compare the geometrical information
characterized by the opening angle 6,,, and neutron-neutron (nn) rms separation \/% of
the two valence neutrons extracted using our modified 3D numerical model with the values
obtained from an interferometry experiment and obtained from theory with the unmodi-
fied/modified CDCC method (Sec. V-C). We provide additional discussion and conclusions
in Sec. VI

II. CONSTRUCTING TWO-BODY OPERATORS IN COUPLED-J BASIS

In order to carry out a quantitative analysis of the distributions of nucleons and pairs of
nucleons within a nucleus, we require appropriate operators that sample these quantities.

For this purpose, we will define useful one-body and two-body operators whose expectation

4
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values within the nuclear ground state will inform our detailed analysis of how nucleons are
arranged in coordinate space on average. From this arrangement, we hope to infer if a halo

structure is emerging from the quantum many-body wave functions.

A. One- and two-body operators in the occupation representation

One-body operators are defined as

OlB = Z OaﬁaLaﬁa (1)
a,B
where
Oup = (a|O]B) (2)

are the one-body matrix elements with the Greek subscripts label the single-particle states
in an ordered sequence. The single-particle states are related to creation operators acting
on the vacuum,

o) = al,]0). (3)

Similarly, two-body operators are defined as

OQB = Z Oam(gaga;a(;av, (4)
a<fB,y<d
where
Oapns = (aB|Ol8) = (0lagaqOal af0) (5)

are the two-body matrix elements. Due to the fermion anticommutation relation alaj;, =

—aTﬂa:'X for a # 3, the two-body matrix elements are antisymmetric for each pair of two-body
state labels.

From now on, we will focus only on the two-body operators. The expectation value of
a two-body operator between an initial state |®4) and a final state |®;) in a system of

nucleons is thus

(@4O025|Pa) = D, Papys (aBlO]0), (6)
afyo
where o < 3,7 < ¢ is implicitly assumed wherever summing pairs of two-body state labels,

and
Pagro= (¥4l abasay|®.) (7)

is called the two-body density matrix.
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B. Two-body operators in the coupled-J basis

The standard basis we use is the single particle basis, which is denoted by its quantum
numbers including radial quantum number n, orbital angular momentum (AM) [, spin s,
total AM j, total AM projection m;, isospin 7 and isospin projection 7,. We can use the

short-hand notation
1 . 1
5) Jas M5, 5

\Tzat, (8)

where the first “1/2” is for nucleon spin s and the second “1/2” is for nucleon isospin 7.

a = {na,la,

In order to compute matrix elements of two-body operators in a basis with “good” AM
which is the two-body total AM J, we perform a transformation using Clebsch-Gordan

coefficients:

o ip J
{aTaT}JM— Z C,,]lm,f{jﬁM aTaL, 9)

Mja Mg
where M is the z-projection of J. The transformed basis is called coupled-J basis or J basis
for short. Sometimes, it is also referred to as the “jj-coupled basis”.
The two-body density matrix in the J basis, suppressing the z-projection quantum num-

ber M for compactness of notation, is

Py ooy, = (®ul{alal} r{asa,}s|@a)
_ Ja g J’ gy ds J (10)
- Z ijomjﬁM' Z lemjsM apys -

Mjo 7mjﬁ My ;Mg

The expectation value of a two-body operator in a system of nucleons expressed in the J

basis can thus be written as
(P a|Ogp|Pa) = Z Pragy vy, (aB; J'|Olyd; ), (11)
{aB} j{~d}s

where O is redefined as an operator acting on J basis and
|aB; J) = {alal},10). (12)

When one aims to calculate observables solely represented by one-body and two-body
operators, it is often advantageous for efficient use of storage to compute and store the one-
body and two-body density matrices between the desired initial and final states rather than

the full nuclear wave functions.



137 C. Rotationally invariant scalar operator with given two-body total spin and given

133 pair of isospin projections

139 We define a rotationally invariant scalar operator with given two-body total spin as
O(r)[S] = O(r) Ps, (13)

o where O(r) is a scalar operator with spherical symmetry, and Ps is a two-body total spin
11 projection operator. Since the O(r) operator is a rank-0 tensor, from the Wigner-Eckart

12 theorem,
(aB; J'|O(r)|d; J) = dp0mrna (s J|O(r)||78; J). (14)

113 where, in our convention, the double-bar (reduced) matrix element does not factor out
s (2J+1)"2 and remains consistent with the Wigner-Eckart theorem formulated in Eq. (4.20)
s of Ref. [25].
146 In order to select the states of given two-body total spin, one can resolve quantities in
w terms of two-body total spin S (S = 5, + 53) and two-body total orbital AM A (X = I, 4 15)
us by inserting

e (15)

11
1=)" [nalanalsd, 5555 J) (alansls), 5
AS

1o twice, where the spin quantum numbers (%) are explicit while the isospin quantum numbers
10 are omitted for simplification of the notation. z-projections are suppressed in all the following
151 derivations until the end of Section [[LCl

152 With (S1|Ps|S2) = dgs,0s,s, and Eq. (13), (14), we have

(af; J'|O(r)[S]Ind; J) = 5J/J5M/M<045' J|O(r) Ps||vd; J)

= 5]/]6]\4/1\42 Z &6 J|nal nglg)\l, 517J>

A1S1 )\252

<7”Lal nﬂlg)\l, Sl, JHO( )555153152“71,yl TL(;Z(;)\Q, Sg, J) <7”L,yl n(;l(;)\g, SQ, J”}/(S J)

— 5J/J5M,MZZ af; J|nala nﬁzﬂAl, S I) (nalanglshy; J||O()||nylynslsAa; J)
A1 )\2

(nvl n(;l(;/\g, S J|’7(5 J)
11 11
= 7000 Z(aﬁ; JInalansls), 5585 T) (nalanslsM|O(r) InyLynsls)) (nybynslsd, 5 585 T|yd; ),
A

(16)
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where in the last line we have used the fact that O(r) is rotationally invariant so the two-body

total orbital AM is invariant upon the action of O(r), i.e. (A\|O(r)|Aa) =

(M[O(r)dx,5, | A2)-

And we drop the subscript of A at the end for simplification of the notation. There is no need

to label J values in the reduced matrix elements, because O(r) only produces a dependence

on the radial and orbital quantum numbers.

We identify the LS — jj coupling coefficient [26] in by first expanding the notation

11 1. 1. 11
(af; J|nalanglsA, 555; Jy = <nala§]aa 715155]5; J|nalan5l5)\ 555; J)

1 1
= (lagjas ls5783 I lla l/o’)‘ SJ>

o s
:\/(Qja+1)(2j5+1)(2)\+1)(25+1) 1/21/2 S ¢,

ja jﬂ

00

J

159 where the curly brackets represent the 95 symbols, which is another way to write an assembly

160

161
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165

of Clebsch-Gordan coeflicients.

One then obtains

(aB; J'|O(r)[S]|70; J) = 0yr100mrm

lo g

A

X (25 + 1)/ (2o + D(25 + D2, + D@25 + D YA+ 1) 1/2 1/2
A

ja jﬁ
X (nalanglgA||O(1)||nylynsls ).

J

Lo ls A
1/2 1/2 S
jv j& J

(18)

To apply this operator on a fixed pair of isospin z-projection values for two nucleons

within a system of nucleons, we can construct an operator, preserving normalization when

T.a = Tz by including the factor (1 — 6., -, ),

B(r)[S, Tza, T = Z O(rij)[S; Teas Tot) = Z O(ri;)[5] (67'zi77'za57—zj77_zb + (1=

i<j 1<J
where ¢, j run through all nucleons in the system with ¢ < j and r;; =

8

J

7 -

TzasTzb

)3 2,0

TzisTzb sz:'rza) )

(19)

;. It follows
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that
(@f; J|B(r)[S, Tza, Tab] 703 )

= (B J'|B(r)[S, Toas Tob)Or. 7 Oy s | 705 )

=(af; J'|O(rap)[S, Toas Tob|Ors e Orepy s 1105 T)

= (B J1O)[S1170: T} (OrereaOrepirs T (1= 0ryr)Ore s Or i) Oy O s

where in the second line we have included the definition that the isospin z-projections are
fixed.

The resulting matrix elements become
<a/8’ J,M,|B(r) [57 Tzay TZb:H’Y(S’ JM) = (57_za77—za57—25,7—zb + (1 - 57—za77—zb)57—za77_zb57_z,877_za) 57—zo¢77—z757—2577—z6

815800 (25 + 1)y (2 + 1)(25 + 1)(2, + 1) (2 + 1)

o 1 ML 15 A
XY @A+1)91/2 1/2 S5 1/2 1/2 8 ¢ (nalanslsAul[O(r)|Iny 1y nslsA).
' do ds J) |\ g ds I
(21)

D. Pair-identity operator

The pair-identity operator for a fixed pair of isospin projections and a fixed two-body
total spin S works as a projection operator on a subspace of two-body total S and isospin

projection pair sector,

S Tza, sz Z PS TrisTza TZJ Tob + (1 - 5Tza,rzb)5Tz¢,rzb57'zj,7m) . (22)

1<J

Compared with and , this is the same as setting

O(r) = r°. (23)
Summing over S in gives
T.O [Tzaa TZb] = Z (5Tziv7'za57'zjy7'zb + (1 - 57'za77zb)5Tzi77'zb57'zjy7'za) ’ (24)

i<j
whose expectation value is an integer that equals to the number of pairs in a fixed pair of

isospin projections.
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Considering all possible isospin projection pair configurations,

TO = Z Z (5Tziy7—za57—zj77_zb + (1 - 57_za77_zb)57_zi77—zb57—zj77_za) = Z ]l, (25)

Tza<Tzp 1<J 1<J

where the identity is the same as in Eq. . The result of Eq. is the total number of

nucleon pairs, A(A — 1)/2, when evaluated within states of an A-nucleon system.

E. Square-separation operator

The expectation value of a square-separation operator describes the relative distance
squared of a pair of nucleons. The square-separation operator for a fixed pair of isospin
values and a fixed two-body total spin S can be defined as

TQ[S’ Tzas sz] = Z(Fl - 77;)2[5] (5Tzi,7'za(5‘rzjﬂ'zb + (1 - 57’za,7’zb)5Tzz',7'zb(5‘rzjﬂ'za) : (26)
i<j

Compared with and , this is the same as setting

O(r) =r>. (27)
Summing over S in gives
r? [Tea> Tab] = Z(Fz - 7?9)2 (5Tzi77'za67'zjv7'zb +(1- 57—20,77'213)57'zi77'zb67'zj17'za) : (28)

i<j
The square-separation operator can be related to the relative mean-square-radius operator

[277, 28]
Ml = % Z 72 Tear T, (29)
which can be easily derived from
To = Y (7 — Ra)? (30)
and
Ra==Y . (31)

It is convenient to define the relative mean-square-radius operator in each isospin projec-

tion pair sector (proton-proton, proton-neutron and neutron-neutron) [29],

1 11
2 _ 2
Trelpp = FT [57 §]a
1 1 1 1 11
r?el,pn = Prz[iv _E] = ETQ[_ia §]> (32>
, 1,11

Trel,nn = Erz[_§> _5]

10



193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

The mean-square radius operators for protons and neutrons separately relative to the

center of mass of all the nucleons are defined as [27]

1 L o= 1 L o=
T’IQJ = Fp Z 57_“_7%(’["2' — RA)2 and T?L = Fn Z 6@2-,—%(” — RA)2. (33)
Substituting into (33), it follows that [29]
TQZMﬂl +A_Npr2l 2
D Np rel,pp Np rel,pn rel,nn (34)
2 g2 AN o 242 Na s
n rel,pp Nn rel,pn Nn rel,nn>

where A, N, = Z and N,, = N are nucleon, proton and neutron numbers, respectively. And
T = /T2, Tp =/ r2 and r, = /72 are called the point-nucleon matter, point-proton and

point-neutron rms radius, respectively. The relationship between them is

Ary = Nyr2 4+ Nyrl. (35)

F. Harmonic oscillator matrix elements

We can obtain the matrix elements of operators O(r) = r° and O(r) = 72 in the convenient
harmonic oscillator (HO) basis, noting that the angular parts of the wavefunctions are not

effected so only matrix elements with [ = [’ are non-zero,
(W'1'1r°|nl) = b, (36)

and

(n'l'lr*|nl) = b*

3 1 3
2n+1+ 5)5n,n/ —/nn+1+ 5)6n,n/+1 — \/(n +1)(n+1+ 5)6%/1] oLy,

(37)

where b = \/MIQ with p = %% = %% (my is the average mass of a neutron and a

proton with their mass given by PDG [30]) representing the reduced mass of a nucleon in

the two-body subsystem. The derivation of these matrix elements has been detailed in the
Appendix of Ref. [31].

We then take the additional step to transform these matrix elements from the relative

center-of-mass frame to two-body matrix elements in the single-particle basis by the Moshin-

sky transformation detailed in the Appendix. The resulting two-body matrix elements are

then employed to calculate expectation values using many-body NCSM wavefunctions.

11
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III. Ab-initio NO CORE SHELL MODEL (NCSM) CALCULATION USING MFDn

A. Brief introduction of the calculation scheme

In the ab-initio NCSM, we consider a system of point-like non-relativistic nucleons that
interact by realistic inter-nucleon interactions. The NN or NN + NN N interactions are
taken from fitting NN phase shifts with high precision up to a certain energy and adjust-
ing remaining parameters of the NN N interaction to a selection of 3-nucleon observables.
Although we do not employ three-nucleon interactions [32H34], we plan to employ them in
future studies that go beyond the scope of this work.

As the name NCSM implies, all the nucleons are considered active without an inert

core that is assumed in standard, valence space, shell model calculations. The Hamiltonian

operator for an A-nucleons system is thus

A
HA:Z 2mNA +ZV’J+Z%J’“+ (38)
1<j 1<j<k

where V;; is the two-body interaction, Vj;;, is the three-body interaction, and so on.

We solve the eigenvalue problem

Ha|®a) = E[Pa) (39)

in the harmonic-oscillator (HO) basis with energy spacing between shells A{2 and many-body
truncation Np.x (the quanta of each shell is N = 2n + [, where n and [ are the radial and
orbital AM quantum numbers, respectively; Ny.. defines the maximum total number of
quanta allowed in the many-body basis states for this nucleus above the minimum required
by the Pauli principle).

The calculations were carried out using MFDn (Many-Fermion Dynamics—nuclear), a con-
figuration interaction (CI) code for nuclear structure calculations [35, [36]. It is a platform-
independent Fortran 90 code using a hybrid MPI/OpenMP programming model, and is
being used on current supercomputers, such as Cori and Perlmutter at NERSC, for ab initio
calculations of atomic nuclei using realistic interactions. For recent applications of MFDn

to the structure of light nuclei that includes three-nucleon interactions, see Refs. [37, [38].

12
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B. Two-nucleon interaction

We adopt the Daejeonl6 NN interaction [39] in our ab initio NCSM calculations. This
interaction is obtained by softening the chiral effective field theory (YEFT) generated Idaho
next-to-next-to-next-to-leading order (N3LO) NN interaction using the similarity renor-
malization group (SRG) method [40, 41]. A special feature of this interaction is that it is
an NN interaction that attempts to absorb the effects of interactions that might otherwise
be treated as three and higher many-body forces, through phase-equivalent transformations
(PETSs) [42]. The optimal set of PET parameters are obtained by fitting the binding energies
and spectra of selected light nuclei up to 0. The Daejeonl6 interaction provides a good
convergence rate in ab initio calculations for light nuclei compared with other realistic inter-
actions [43] 44]. Ground state energies and radii calculated using this interaction are in good
agreement with the results of experiments for p-shell nuclei [45]. Recently, the applications
of Daejeon16 have been extended to medium and heavy nuclei [46] using a mean-field with
the inclusion of a phenomenological 3-body contact interaction.

In addition, the Daejeonl6 interaction has found many applications in scattering and
resonances using the single-state HO representation of scattering equations (SS-HORSE)
method [47-51]. Artificial Neural Networks (ANN) were explored as a new extrapolation
tool for ab initio NCSM calculation using the Daejeonl6 interaction [52].

The construction of the Daejeonl6 interaction is charge/isospin independent, so the

Coulomb interaction between protons is added in our calculations.

C. Parameter Setting

We selected Ny.x = 16 for the many-nucleon basis space cutoff and AS) = 10 MeV for
the HO energy spacing in the ab initio NCSM calculation. Ny, = 16 is chosen because
this is the Ny value sufficient for our demonstration goals and reasonable in terms of
total computational resources needed. h{) = 10 MeV was found to provide approximate
Npax independence for the point-nucleon rms radii r,, r, and 7, as seen in Fig. |I| and
Fig. 2 Then, by comparing the rms radii at Q2 = 10 MeV from Ny, = 18 with those
from Ny.x = 16, we can make a rough estimation of the uncertainty in these results. As

detailed in Fig. 2] the resulting estimated uncertainty of point-nucleon rms radii due to basis

13
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FIG. 1. rp, r, and 7, of 4He and %He with Daejeon16 interaction plus Coulomb potential, calculated
by MFDn for ab initio NCSM. Results for “He (°He) are represented by filled (open) circles, which
are connected by a sequence of straight lines for the same Npyac. The Nyax values for SHe are
shown on the right of the sequences of lines, and the color used to label each Np.x for ‘He is the
same as 9He. The horizontal red dashed lines with numbers in rectangle boxes indicate the Tp/n/m

values for Np.x = 18 with A2 corresponding to the minimum gap between the calculated points

for Npmax = 18 and Nyax = 16 (i.e., the minimum |Ar| in Fig. [2).

truncation Ny = 16 at A = 10 MeV is about 0.03 fm for *He and 0.001 fm for *He. In
addition, we set the maximum total AM of the interaction between nucleons at Jy.x = 6
for the Daejeon16 interaction. Since the NV interactions are short-range interactions, and
we are interested in only the ground states of these light nuclei, contributions from larger

values of J to the expectation value of O(r) are anticipated to be vanishingly small.
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FIG. 2. Ar obtained by subtracting r

'p/n/m for Npax = 18 from those for Ny.x = 16. The absolute

value |Ar| serves as an indicator of the major source of uncertainty of r for He and %He at

p/n/m

Nmax = 16 in the ab initio NCSM calculation.

IV. RESULTS AND ANALYSIS

A. The expectation value of pair-identity operator

TABLE 1. Results of (r9[S, 7,4, 7)) for *He and ®He (A2 = 10 MeV, Nyax = 16), with the
Daejeon16 interaction plus Coulomb potential, using MFDn with accuracy of 5 significant digits
(to display in a uniform format, 6 decimal digits are shown across the calculated columns). The
“expected” value (exp.) of each calculated result (cal.), based on occupying only the lowest available
states in a HO basis, is listed for comparison as discussed in the text. The sum of each column is

shown in the last line, which is equal to the number of pairs A(A — 1)/2 for each nucleus.
’ H4He exp.‘ “He cal. HGHe exp.‘ SHe cal. ‘

S
pp 0 ~1 [0.976772] ~1 ]0.967578
p 1 ~0 ]0.023228| ~0 |0.032422
np 0| ~1 (0979111 ~2 [1.977430
np 1 ~3 [3.020800|| ~6 [6.022570
nn 0 || ~1 [0.976774|| ~3 [2.865420

nn 1] ~0 [0.023226|] ~3 |3.134580
[#pairs|| 6 [6.000001] 15  [15.00000]

(r°[S, T.a, T-5]) provides the probability of finding a nucleon pair with fixed two-body total
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spin S and a given pair of isospin projections {7,,, 7. }. We begin with analyzing the results
of (r°[S, 7., 723]) for both values of S and for the {7.,, 7.5} combinations shown in Table

We first check the sum of all (r°[S, 7., 7.3]) values for “He and %He in the last row of
Table [Il and confirm that they are equal to the total number of nucleon pairs A(A —1)/2 for
each nucleus (Eq. (25))) within 5 significant digits. We also check the sums of (r°[S, 7.4, 725))
over two-body total spin S, (r°[7.a, 7)) = >_(r°[S, T2a, 7)), and confirm that they are
equal to the integer number of pairs with givefl {Toa, T2} in *He and SHe (Eq. ) within
5 significant digits.

We expect and find that pp and nn pairs in the ground state of *He are dominantly
spin-singlet, because this is the only [ = 0 basis state (s-state) respecting the overall an-
tisymmetrization for exchanging of two isospin-symmetric fermions, i.e. (—1)*5tT = —1,
where [, S and T are the two-body relative orbital AM, two-body total spin and two-body
total isospin. One may expect, as we indeed find, a small but non-zero portion of triplet
arising from partial wave contributions at higher values of [.

The added Coulomb potential makes the isospin symmetry only approximate in our
calculations (note that we assume equal mass for the p and the n which is taken as the average
mass of these nucleons and Daejeon16 is charge-independent), which will contribute to the
difference of expectation values between pp and nn pairs. However, this deviation should
be small and consistent with the fact that isospin is known to be a very good symmetry for
light nuclei.

For the spin-independent parts of the NN interactions, singlet and triplet states have the
same energy in the same HO wave function of relative motion (labeled by n and [ for two-
body central potentials)—there is no preference between the allowed spin configurations.
When the probabilities are interpreted in a pictorial way, we can let each np pair in the
ground state’s dominant configuration take one of the possible spin configurations 11, |J,
1L + {1 and 14 — }7, as illustrated for “He in the left of Fig. [3} Upon considering the
spin-dependent part of the NN potential, e.g. 5,5, coupling in the s-state, which can be
usefully written as Vipin = h—g%(r)gp .S, [53], the probability of finding an np pair in one of
the triplet states can be slightly larger than in the singlet state if V3 (r) is effectively attractive
(thus negative), as in deuterium. This assessment takes into account that (S, - S,) = +k2/4
for triplet and —3k%/4 for singlet. All these expectations are met, as can be seen in the

calculated results in Table [l

16



305

306

307

308

309

310

311

312

313

314

315

316

‘He ‘He+2n=5%He

FIG. 3. A schematic view of the expected ground state dominant two-body total spin configuration
for “He (left) and SHe (right). The spin projections are indicated by arrows. The red wavy line
(orange straight line) indicates a pair with two-body total spin S = 0 (S = 1). The right side shows
the process of constructing a ®He nucleus from *He and two additional neutrons (specified by dashed
circles), if the “He two-body total spin configuration is preserved inside the SHe nucleus. The *He
configuration can be constructed by combining three partial configurations. The first part is the
same configuration inherited from “He, and the second (third) part is the configuration formed by
the “core” protons (“core” neutrons) and the valence neutrons. The resulting configuration of He
is shown on the second row. The configuration in the bracket shows another possible configuration

which will be discussed in the text.

A pictorial illustration of the process of forming the dominant two-body total spin con-
figuration for %He is shown in the right panel of Fig. . In this idealization, we follow a
simple viewpoint by assuming that the two-body total spin configuration of the “« core” of
%He is the same as *He due to the stable closed-shell structure of “He. We further assume
the same set of two-body total spins for the four {valence neutron, proton} pairs as for the
four {“a core” neutron, proton} pairs, because the probability of each pair to pick up the
four configurations 11, |, 7/ + |1 and 1) — |1 might reasonably be assumed to remain
roughly the same. Following the same line of reasoning, the four {valence neutron, “« core”
neutron} pairs also pick up these four configurations with approximately equal probabilities.
Naturally, the neutron pair of the core is assumed to take the same spin singlet configura-
tion as the proton pair. After these assumptions, the only two-body total spin left to be

determined is the one for the pair of the two valence neutrons. We inspect Table [Il and find
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that if we take this valence pair to be singlet, all the calculated (r[S,7.,, 7.5]) match our
expectations, and the maximum value they deviate from their corresponding exact integer
values is 0.14, which is small on these scales. The dominance of singlet state over triplet
state in the valence pair has also been seen in Ref. [54, 55]. That the (r°[S, 7.4, 7.3]) val-
ues are non-integers can be understood as arising from non-dominant configurations in the
ground state. In addition, as mentioned above, the Coulomb effect plays a small role in the
observed differences between results of pp and nn. It is interesting to note that when we
exclude °He nn pairs, the largest deviation between any calculated result and its nearest
“expected” integer number is only 0.033 for °He and 0.024 for “He. This is consistent with
our assumption that the two valence neutrons have a small influence on the “a core” spin
configurations.

Another possible He two-body total spin configuration is shown in the bracket of Fig. ,
where the two valence neutrons form a triplet spin state. We note that the two valence
neutrons in this case are symmetrical with respect to the “core” neutrons. However, the
total number of singlet (triplet) spin states formed by each nucleon with other nucleons varies
from one nucleon to another. On the contrary, in the previously discussed configuration,
each nucleon forms two singlet and three triplet spin states with the other nucleons. As a
whole, the unbracketed configuration is more symmetrical than the bracketed configuration.
So from the symmetry point of view, the unbracketed configuration appears to be a more
natural choice.

We now address the role of Ny, truncation. The maximum difference of (r°[S, 7.4, 7.])
between Nyax = 16 and Nya = 14 is 1 x 107 for “He pp/pn pairs and 5 x 10~* for ®He
nn pairs. Keeping in mind that the MFDn calculation preserves 5 significant digits, it is
meaningful that the dependence on basis truncation still resides in the 4th decimal digit of
the results. On the other hand, for *He, the maximum difference of (r°[S, 7.4, 7.3]) between
Niax = 16 and Ny = 14 is 4 x 107°, so the uncertainty due to truncation that we quote
only appears in the 5th decimal digit.

We further examine the major components (labeled by the spectroscopy symbol n 29+,
where |l — S| < J < |l + 8|) of the three isospin-projected pair configurations, as shown in
Fig. . For “He, all the major components are in the s-state, as expected. pp is mostly (81%)
in the lowest singlet state, with a small portion (12%) in the n = 1 singlet s-state. The pp

components of °He are almost identical to that of *He. The triplet states of np for *He are
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FIG. 4. Major components of the pp (a), np (b) and nn (c) pair configurations of “He and SHe
for Npax = 16 and AQ = 10 MeV. The bins are arranged in decreasing order for 5He, with the
corresponding *He bins shown side by side for comparison. The above shown components in total

comprises more than 90% of (r’) in each isospin-projected pair configuration.

dominated by the s-state’s lowest two components (n = 0 and n = 1), while np singlet is
dominantly (81%) in the lowest s-state. For ®He np pairs, we see the rising of p/d-states (22%
for the three major p-states in total and 1% for the 03ds state), contributing to both singlet
and triplet states. For the nn case, we again see the rising of higher-state components (45%
p and 2% d) in SHe, compared with *He. However, due to the (—1)"*5+7 = —1 antisymmetry
constraint, the allowed p-states are triplet and the allowed s/d-states are singlet. It follows
that, for He, nn triplets are dominantly in p-states and nn singlets are dominantly in

s-states.

To sum up, we estimate that the two ®He valence neutrons dominantly form a singlet spin
configuration and mostly in an s-state from the consideration of preserving *He two-body
total spin configuration inside °He (which can be suggested by the fact that pp components
stay almost unchanged in Fig. {4), respecting the overall symmetry in forming triplets and
singlets (for example, each nucleon in *He forms two singlets and three triplets with the other
nucleons, as can be seen in Fig. [3)), and consistency with the ab initio NCSM calculated r°
moments (Table [l and Fig. [4). This provides an indicator of halo structure in ’He through
the following reasoning. The nn singlet s-state has a symmetric spatial wave function ¥,,,,
which has non-zero probability close to the center of mass of the pair due to the absence of
a centrifugal term in the relative Schrodinger equation, resulting in a stronger correlation
compared with triplet states, which seems to support a “di-neutron” halo at some distance

from the center of mass of the nucleus. The “cigar”-like configuration is another possibility
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seen in many calculations but appears not to be the dominant configuration [I}, 54}, 55].

It is clear from our discussion above that the determination of the dominant two-body
total spin configuration from the simple analysis of (r°[S, 7.4, 7.5]) involves many assump-
tions. To reduce those assumptions, we need to know to what extent the *He two-body
total spin configuration is preserved inside °He. Furthermore, the equal chance of picking
the four possible two-body spin configurations is based on symmetry assumptions between
isospin-symmetric pairs. We need to know to what extent these symmetry assumptions
apply. After the following analysis of (r?[S, .4, T.s]), instead of guessing the two-body total
spin configuration, we will develop a method of building classical static 3D models, first
analytically then numerically employing results from our ab initio NCSM calculations. The
analytical models still involve symmetry assumptions, while the numerical models allow us

to partially remove these assumptions and yielding a model that is more data-driven.

B. The expectation value of square-separation operator

TABLE II. Results of (r2[S, T.q,7.)) for *He and *He (A2 = 10 MeV, Npax = 16), with the
Daejeonl6 interaction plus Coulomb potential, using MFDn with accuracy of 5 significant digits.
We also present in the second (third) column of each nucleus the mean squared separation (rms
separation) of given {S, 7.4, 7.5} defined in the text. The last line shows the sum of (r2[S, T.q, 73]

for each nucleus.

‘He 6He
S 2] T %] 2 ) | ) [fm?) () 2] %) [fin]
pp 0] 5.95862 6.10032 2.46988 6.63201 6.85424 2.61806
pp 1] 0.22754 9.79581  3.12983 0.36145 11.1484 3.33892
np 0] 5.94563 6.07248 2.46424 24.5046 12.3921 3.52024
np 1| 18.3172 6.06352  2.46242 73.2384 12.1607 3.48721
nn 0] 5.89396 6.03411 2.45644 38.7177 13.5121 3.67588

nn 1] 0.22648 9.75110  3.12268 || 63.2643 20.1827  4.49252
[sum [ 36.5695 - - [J206.718 - -

To obtain a normalization of (r2[S, ., 7.3]) useful for developing a classical picture, we
define the mean squared separation between two nucleons of given {S, 7,4, 7.5} as

(r?[S, Toa, To))
(rO[S, Toa, T2p))’

(r2[S, Toa, Tp)) = (40)
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and the rms separation of given {S, 7,4, 7.}

T \/M (41)

(rOS, Toa, b))

The derived quantities defined by and are shown in the last two columns of
Table [T for “He and %He, along with the original ab initio NCSM results in the first column
for each nucleus. These results can be interpreted with the following considerations. Using
again the overall antisymmetrization property of fermion pairs as mentioned in Sec. [V A]
the rms separation for singlet is expected to be smaller than triplet for the pp and nn pairs in
their lowest partial waves. This is true for both *He (2.5 fm versus 3.1 fm) and °He (2.6 fm
versus 3.3 fm for pp; 3.7 fm versus 4.5 fm for nn) seen in Table . For np pairs, since the
total two-body isospin 7" can be either 0 or 1, the spatial part of the wave function for given
S can be either symmetric or antisymmetric. Thus, the rms separation for singlet np pairs
and triplet np pairs are similar (~2.46 fm for both in *He; 3.52 fm versus ~3.49 fm in °He).

Comparing “He and %He, we see that the rms separation for pp singlet configuration,
which is the dominant two-body spin configuration of pp, is expanded by 6% from *He
to ®He. Interestingly, the remaining ~3% (from Table [l) portion of pp triplet state also
experiences a similar expansion from *He to He. On the other hand, the rms separation for
nn and np pairs are expanded by 40%~50% from “He to ®He.

Independent of S, we define the mean squared separation for nucleon pairs of given

{Tea, T} 8S
zS:(?J [S; Toay Top))
<’l“ [TZWTZI?]) - Z<TO[

S

_ <T2 [sz sz])
Sa Tzas sz]> #pairs [Tzaa sz] 7

(42)

where we use #pairs|7,q4, 7.5] to indicate that this is an integer number that represents the
number of pairs of given {7.,, 7.}, according to the sum rule . The rms separation of
given {7,,,T.,»} can be defined as the square root of the above quantity. The results are

shown in Table [T1l

We can also calculate the mean squared separation of an arbitrary pair in a nucleus

Z <7"2 [Sa Tza sz]>

1=y _ STza<Tzp _ (7"2>
| >A_S S (08 e al) AT (43)

where we have used the sum rule . The square root of the quantity in characterizes

the rms nucleon-nucleon separation within a nucleus.
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TABLE III. (r?[7.,, T.3]) calculated from Table along with the mean squared separation and

rms separation for nucleon pairs of given {7.4, 7.5}

‘He 6He
(r2) [fm?) ) [fm?) () ) | () [fm?] () [fm?) (%) " [fn)
pp |l 6.18616 6.18616 2.48720 6.99346 6.99346 2.64452
np|l 24.2629 6.06572 2.46287 97.7429 12.2179 3.49541

nn|l 6.12044 6.12044 2.47395 || 101.982 16.9970 4.12274

Using with the data of Table , we get Wme = 6.0949 (WﬁHe = 13.781) fm? and
——v1/2 —+1/2

(r?)aye = 2.4688 ((r?)ey, = 3.7123) fm. This indicates that the nucleon-nucleon separations
of ®He, on average, are 50% greater than those of “He.

Traditionally, we can also calculate the rms radii of point-nucleon proton, neutron and
matter distributions relative to the center of mass of the nucleus, (r2)Y/2 (rZ)}/? and
(2?2 = (r2)1/2, using (32), and (29). These results are shown in Table The
point-proton rms radius increases by ~25% from *He (r, = 1.515 fm) to ®He (r, = 1.889 fm).
This increase may be understood as a consequence of halo structure, arising from the motion
of the charged a core around the common center of mass as well as possible contributions
from swelling of the « core [56].

TABLE IV. Mean squared radii (r2), (r2) and (r2,), along with the rms radii r, = (r%)l/Q, Ty =
(r2)1/2 and r,, = (r2,)/? for *He and ®He (AQ = 10 MeV, Nyax = 16).
‘He SHe

@ || () [fm?] ()2 [fm] || (r2)[fm?] (r3)"/?[fm]
p| 2.29381 1.51453 || 3.56864 1.88908
n || 2.27738 1.50910 || 6.82895 2.61323
m|| 2.28559 1.51182 || 5.74218  2.39628

According to Table , the *He rms radii of protons and neutrons are nearly the same,
about 79 = 1.51 fm. And from Table [[TI, we see that the rms separation of pp, np and

nn are also very similar, about a = 2.47 fm. The ratio a/ro = 1.636 is similar to the
side length 26

center-to-vertex distance 3

which we can relate our quantum many-body results to a classical picture that depicts *He

ratio of a tetrahedron

1.633. This suggests a route by

as a tetrahedron with protons and neutrons being at the tetrahedron’s vertices.
The analysis for He is more complicated. In Table , we see that the pp rms separation

of SHe increases by 6.3%, while the np (nn) rms separation of ®He increases by 41.9%
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(66.6%), compared with those of “He. Even before detailed analysis, this can be interpreted
by a simple binary picture. Assuming the rms separation for nucleon pairs formed by the

“a core” nucleons in %He is distinct from the rms separation for the remaining *He nucleon

pairs, with
(He) . « ’
np/nni | @, nucleon pair 7 belongs to the “a core (44)
. =
Tflpljz)n y, otherwise ’

we can match the np and nn rms separation percentage increases by setting

(GHe) (4H6) 2 2
rnp - ’r'np - 42: _I_ 4y . o
i = Vo — 1= 419%, (45)

np

(GHG) (4He) 2 2
T'nn — T'nn x° + 5y
ey =g 1= 6.6%, (46)

nn

and

where we have used 7, = (12,) ? and Tnn = muz' The results are = 0.93 and y = 1.78,
i.e. the mp/nn rms separation for the core stays nearly the same as the one for ‘He. At
the same time the np/nn rms separation for pairs not belonging to the core are found to
increase by almost 80%, indicating the formation of a halo. However, this simple binary
model treats the “a core” as approximately a point mass when viewed by each of the two
valence neutrons, ignoring the fact that the size of the “a core” is comparable to the distance
between the valence neutrons and the core.

One can also infer the He structure in the momentum space. Our calculated binding
energy of *He (°He) is -28.3597 (-29.3387) MeV for Ny, = 16 and hw = 10 MeV, so the
two-neutron separation energy for ®He is s = 0.979 MeV. The characteristic wave number
k., associated with this energy scales as \/W, which gives kg, ~0.15 fm™! (relative
distance ~6.5 fm). This kg, (relative distance) is quite separated from that of the *He
“core”, which is ~0.7 fm~! (~1.4 fm). However, this simple expression only accounts for
the s-states. As can be seen in Fig. , p/d-states also play an important role in nn and np

pairs of He.

V. 3D MODELING

Although the atomic nucleus is a quantum mechanical object, and the position of each

nucleon cannot be fixed in space, we can assume that among all the possible relative position
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configurations, there is one dominating at the ground state. Another way to put it is that
we can imagine making a sequence of snapshots of the nucleus at a sequence of moments
in time, and it will turn out that there is one particular relative position configuration that
we have the highest probability of finding. Based on this scenario, we make a static and
classical assumption which enables us to build a 3D model of relative positions for nucleons

in a nucleus using our ab initio calculations as inputs.

A. A simple analytic model independent of spin considerations

We build our 3D analytic model of °He by adding two neutrons to the tetrahedron
“a core” discussed above. We preserve the geometric symmetry as much as possible in
this model. The geometry of this model is shown in Fig. [} The four vertices of the
tetrahedron represent the four “a core” nucleons in °He, which are labeled as A, B, C and
D. The center of the tetrahedron is placed at the origin. The distance from any of the
tetrahedron vertices to the center of tetrahedron is ry. The other two neutrons are labeled
as F/ and F. The perpendicular bisector of EF' connecting to the center of the tetrahedron
also perpendicular bisects AB. This arrangement limits the locations of the other two
neutrons to a plane defined by C, D and the center of the tetrahedron, as illustrated in
Fig. [}l We note that in a tetrahedron structure, any line connecting two arbitrary vertices is
perpendicular to the line connecting the remaining two vertices. The two neutrons outside
the tetrahedron therefore cannot be equidistant from all of the four “a core” nucleons.
We can at most have equidistance from two of the “a core” nucleons. In other words, in
Fig.ff EA = EB = FA = FB, but ED = FC # (<)EC = FD. In reference to Fig. ]
we can adopt the nucleon coordinates A(—ro, 0, —2rg), B(0,0,70), C’(—iro, ‘sfro —1rg),

3 3

D(—‘/Tﬁro, —*/Téro, —370), Bz, —w, %x} and F(z,w, %ﬁx) with adjustable parameters x and

w. The squared separations are thus parametrized as

2V/2 V2

BAP = |BBP = AP = |FBP = (o~ 220w + (Pt 2P
V2 V6 ﬁ ro
9 2 V2 o vO o V2 To
|EC|? = |FD|* = (z + 3 r0)° + (w + 3 r0)” + ( 5 3) )
2 6 2
|ED|? = |FC|* = (z + grg)z + (w — \/?_TO)Q + (%_x + 30)

|EF|* = 4w?.
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FIG. 5. The analytic model of ®He parametrized by x and w. The origin is set at the center of
the tetrahedron. FF is parallel to C'D and perpendicular to AB. In this model, FA = EB =
FA=FB, ED = FC and EC = FD. The scale of the axes is in units of rg, which is the distance
from the center of the tetrahedron to any of the four vertices. The green tilted plane contains the
added two neutrons whose locations define the model parameters x and w. We note that x can be

positive or negative or 0, while w = FG = EG can only be positive.

To connect this model with the ab initio calculation results of Table [[TI}, we introduce

P2 <<7’2 >(6He) B <7,2p>(4He)) /4 and b= <7,2 >(6He) . <7”2 >(4He), (48)

np np n nn nn

which are 73.4800/4 fm? and 95.8616 fm?, respectively. Two different values of rq are tested.
One is 79 = 1.51 fm which is the same as the *He point-nucleon radii in Table The other
is 79 = 1.89 fm corresponding to a swelled core for “He indicated by 7, in Table , assuming
the tetrahedron structure of the “a core” remains unchanged.

A total of three cases are generated for this “nearly symmetric” analytic model. For
convenience, in the following descriptions for the relative distances of the analytic model, the
unbracketed and bracketed values correspond to the results for ro = 1.51 fm and ro = 1.89 fm
respectively, when they are shown side by side.

e Case I: A and B are protons, C' and D are neutrons, so the line connecting the

¢

additional two neutrons is parallel to the line connecting the “a core” two neutrons.

2.

i. For np pairs not belonging to the “a core”, 4|EA|* = 41/ ;
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ii. For nn pairs not belonging to the “a core”, 2|EC|* + 2|ED|* + |EF|? =
By combining and solving i. and ii., one arrives at

2
I'_\/_T’() \/_ 8+ fp,

(49)

b
wQZZ—T —2\/_m7“0

12

np and b into the equations, we get two sets

After substituting the values of rg, r
of solutions. The w? > 0 requirement automatically eliminates the set of solutions
in which “+” is chosen for the second term of x. We then obtain x = —1.264 fm

(x = —0.971 fm) and w = 3.316 fm (w = 3.284 fm).

The nucleon position results are illustrated in Fig. @(a). For ry = 1.51 fm results, each
valence neutron is 3.66 fm from the center of the “a core”, which is more than double
the value of ro. While for ro = 1.89 fm results, each valence neutron is closer to the
center of the “a core” (3.49 fm). On the other hand, the valence neutrons for both r
values come very close to the “a core” neutrons with a minimum separation of 2.19 fm
(1.74 fm), which is less than the average separation of nucleons in the “o core”, 2.47 fm

(3.09 fm). Therefore, this configuration does not suggest a halo structure.

Case Il: C" and D are protons, A and B are neutrons, so the line connecting the addi-

tional two neutrons is perpendicular to the line connecting the two “a core” neutrons.

i. For np pairs not belonging to the “a core”, 2|EC|? + 2|ED|? = 412 ;

np’
ii. For nn pairs not belonging to the “a core”, 4|EA|* + |EF|? =
It follows that
2
r= Va2t
, 8 (50)
w? = 1 e+ 2\/§xr0,

where the set of solutions for the “—” branch of the second term of z will be eliminated

by the w? > 0 requirement. We obtain x = 1.264 fm (z = 0.971 fm) and w = 3.316 fm
(w = 3.284 fm).

The resulting positions of nucleons are illustrated in Fig. [f[(b). Each valence neutron

is again 3.66 fm (3.49 fm) from the center of the “a core”. Each valence neutron is
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3.60 fm (3.63 fm) from each of the “a core” neutrons, 5.15 fm (5.34 fm) from one
proton, and 3.19 fm (2.87 fm) from the other proton. For ry = 1.51 fm results, all
the two-nucleon separations for nucleon pairs interconnecting the “a core” and the
valence neutrons are larger than the separations of nucleons in the “a core”, so this
is a tentative candidate for halo structure of He. The two valence neutrons form a

118.7° (128.5°) angle with respect to the center of the “a core”.

Case Ill: A and C are protons, B and D are neutrons, so the line connecting the
additional two neutrons forms the same angle (60 °) with both the line connecting the

“a core” two protons and the line connecting the “a core” two neutrons.

i. For np pairs not belonging to the “a core”, 2|FA|? + |[EC|*> + |ED|* = 4r%;

np’

ii. For nn pairs not belonging to the “a core”, 2| EA|?+|EC|*+ |ED|*> +|EF|* = b.

For this configuration, we find

V6 b

—/2r2 — g — -,
3 P00y (51)

r ==+
229_ 2
4

w i

Since the resulting w? is positive and independent of the value of x, the two solutions
of x are both valid. The first set of solutions is = 2.645 fm (z = 2.477 fm) and
w = 2.365 fm. The second set of solutions is z = —2.645 fm (z = —2.477 fm) and
w = 2.365 fm.

The above two sets of solutions for Case Ill are illustrated in Fig. [6[c) and (d), re-
spectively. In Fig. [6]c), each valence neutron is 4.01 fm (3.85 fm) from the center of
the “a core”. The shortest separation between the valence neutrons and the “«a core”
nucleons is 3.57 fm (3.43 fm), larger than in Case Il. The valence neutrons form a 68.8°
(71.6°) angle with respect to the center of the “a core”, which is less than 90°, instead
of an obtuse angle seen in Case Il. Therefore, the correlation of the valence nn in this
situation is stronger than in Case Il, and it therefore provides a favorable halo picture.
The separation between the valence nn is 4.73 fm (4.73 fm) which is also much shorter

than in Case Il, 6.63 fm (6.63 fm).

In Fig. [6](d), each valence neutron is again 4.01 fm (3.85 fm) from the center of the “a

core”. The shortest separation between the valence neutrons and the “a core” nucleons
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is 2.62 fm (2.11 fm), which is similar to (shorter than) the separation between nucleons

in the “a core”, 2.47 fm (3.09 fm). So this is not a candidate for a halo structure of

6He.

FIG. 6. Results for Case | (a), Case Il (b) and Case Ill (c and d) of the analytic model of ®He. The
color balls and points show the resulting nucleon positions and their projections on three planes,
respectively, for rg = 1.51 fm, with green (blue) points representing protons (neutrons). The black

circles on each projection plane show the projections of nucleon positions for rg = 1.89 fm.

We concluded from the above analysis that it is possible to have a “halo” like structure in
the ground state ®He by matching our ab initio calculated results to the “nearly symmetric”
analytic model, such as the one illustrated in Fig. [f[c). We note that there are several

assumptions involved in this analytic model: 1. the searching of the positions for the two
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valence neutrons is confined on a symmetric plane; 2. the model only fits the total (r?)
(summed over the two-body total spins) of pairs with the same isospin projections; 3. we
assume a tetrahedron “a core” throughout the modeling, the shape of which is not allowed
to change even in the presence of the two additional neutrons. Despite all the limitations
of this model, it is our first attempt towards building 3D models, and it gives us a flavor of
a qualitative picture of what the halo structure in ®*He could be like. The failure to yield a
halo-like structure in Case | suggests that if a halo structure exists, the connecting line of
the two valence neutrons is not likely to be parallel to that of the two “a core” neutrons.
The success of obtaining a favorable halo picture in Case Il gives us the confidence to pursue
a more refined halo picture of °He, which we imagine may share some similar features with
the halo picture of Case Il (the connecting line of the two valence neutrons forms the same
60° angles with both the “a core” pp connecting line and the “a core” nn connecting line).
This guides us in building a more realistic numerical model, where we are able to partially

release the assumed symmetry constraints.

B. Numerical model for the dominant two-body total spin configuration

From Table , the ground state “He two-body total spin configuration provides support
for a simple picture based on an “a core” plus two valence nucleons in a relative spin-
singlet state. That is, Table [I| shows a maximum of 0.14 deviation in pair counts from the
simple picture. If we take the number of pairs of a given {S, 7,4, 7.5} to be the same as the
corresponding integer (labeled as #pairs) that they are close to in Table , and multiply
by the corresponding (r2[S, 7.4, 72]) in Table , we get (r?) of the given {S, 7.4, 7.} for

the dominant configuration listed in the first column of Table [V] We note that the overall
(r?) of the dominant configuration (205.687 fm?) is not equal to the sum of (r?) in Table
(206.718 fm?). This is not a problem as the dominant configuration is only one of the possible
configurations in the ground state SHe. The average of (r?) of all the possible configurations
is the more precise result that needs to match the total (r?) in Table [II. We separate the
“a core” part from the remaining part by introducing parameters ¢, h and g for the square
separation of each isospin projected pair, with the two-body total spin configuration of the
“a core” inherited from *He. Then the full set of classical Euclidean distance equations can

be solved numerically using any numerical solver such as scipy.optimize.fsolve in Python 3.
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TABLE V. Numerical model parameter setting of He [fm?] (72 = 10 MeV, Nyax = 16)

’ SHW X #pairsH “a core” part‘remaining part‘

pp 0|  6.85424 6.85424 .
pp 1/ 0.00000 - .

np 0|  24.7842 q 24.7842 — ¢
np 1| 72.9639 3h 72.9639 — 3h
nn 0||  40.5362 g 40.5362 — g
nn 1|  60.5481 - 60.5481

lsum| 205.687 | - -

The rms separation between nucleon ¢ and nucleon j is

(@ = 25)% + (i — y3)* + (20 = )* = ()5, (52)

where (r?);; is (r?) x #pairs divided by the number of pairs of given S, {7.4, 7.5} and part
(“av core” part or the remaining part, as indicated in Table . The number of equations
equals to the number of pairs, A(A —1)/2. Solving a full set of these equations will give us
the 3D locations of each nucleon.

From the numerical calculation, we get ¢ = 11.2415 fm?, h = 2.16994 fm? and g =
7.08296 fm?2. The resulting relative locations of °He nucleons for the dominant two-body spin
configuration are illustrated in Fig. (b) To our surprise, instead of a perfect tetrahedron,
the *He “a core” is almost squeezed to a plane, in the presence of the other two neutrons.
This phenomenon cannot be observed in the previous analytic model where we assume a
tetrahedron “a core”. To check the validity of this method, we perform a similar numerical
calculation for *He, the result of which is shown in Fig. (a). As expected, without the
presence of the two additional neutrons, *He itself does form a tetrahedron structure even
though we have removed the symmetrical constraint on its shape.

For %He, the numerical model gives us the opening angle between the valence neutrons
with respect to the center of mass of the “a core” 6,, = 58.1° < 60°, indicating the
correlation between the valence neutrons and their correlation to the “a core” are almost
the same. This can also be revealed from the separation between the valence neutrons
4.09 fm, which is close to the separations between the valence neutrons and the center of
mass of the “a core”, 4.02 fm and 4.38 fm. The near-equilateral configuration of a-n-n can
be seen in Fig. [7|(d).

Regardless of the nearly planar shape of the “«a core”, the solution is, in some sense, a

30



FIG. 7. Results of the numerical model of *He (a), ®He (b), the modified numerical model of ‘He
(c) and the numerical model of “He projecting on the a(CM)-n-n plane (d). The green (blue)
balls represent protons (neutrons). Three projection planes are shown, with green (blue) dots
representing proton (neutron) positions on each projection plane. In (c), the yellowish to brownish
points trace the resulting position of nucleons with ¢ from -5 fm? to 5 fm? with increment of
0.5 fm?, with more brown color blended in yellow for increasing &. The points that belong to the
same nucleons are connected in sequence by black lines. The middle of each sequence is overlaid by
bigger green (blue) transparent points, which signifies the resulting positions of protons (neutrons)
with —2.3 fm? < ¢ < 2.7 fm?. (d) shows the results of the unmodified 3D numerical model (b)
projecting on the plane defined by the center of mass (CM) of the “a core” (labeled by the red

asterisk) and the two valence neutrons.
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mixture of analytic model Case Il and Case Ill. In Case Il, “a core” nn forms a 90° angle
with the valence nn. In Case lll, “a core” pp and nn form the same 60° angles with the
valence nn. In this numerical model, the angle between “a core” pp and the valence nn is

66.3° and the angle between “«a core” nn and the valence nn is 80.9°.

C. Numerical model modification

In Sec. , nucleon pairs with the same S and {7,,, 7,5} provide equally weighted contri-
butions to W X F#pairs. For example, 3h in the “a core” is shared by three S = 1 np pairs
with (r2),; = h for each pair. (72.9639 fm® — 3h) in the remaining part is shared by three
S = 1 np pairs with (r?);; = (72.9639 fm® — 3h)/3 for each pair. This is reasonable because
almost all the pairs belonging to the same entry in Table [V] are formed by the same “type”
of nucleons (“a core” protons, “a core” neutrons, and the two valence neutrons are regarded
as three different “types” in this discussion). However, there is one exception which is the
(40.5362 fm* — ¢) in the entry shared by two S = 0 nn pairs in the remaining part. One pair
is formed by an “o core” neutron and a valence neutron ((r?);; = (r*), ¢_), and the other
pair is formed by the two valence neutrons ((r*);; = (r*)r, s_o). Thus, the environments

surrounding these two pairs inside °He should be very different if the halo picture is realistic.

To account for this difference, we introduce a parameter &.

§

N —

({r*)n,s=0 = {r*)n,5=0) - (53)

Then we solve the numerical model for a sequence of values of £ with increment of 0.5 fm?
around § = 0. The resulting rms separation r;; = \/W of each nucleon pair is shown in
Fig. 8 In Fig. [§ “a core” pairs are denoted by unprimed symbols, pairs interconnecting
“a core” and the valence neutrons are denoted by primed symbols, and the one pair formed
by the two valence neutrons is denoted by a double-primed symbol. The solid vertical line
at & = 0 intercepts with results corresponding to the unmodified 3D numerical model in
Sec. VBl

Since we don’t know the value of £ a priori, we consider a reasonable range based on

three empirical criteria:

1. The range of ¢ should include £ = 0, which defines the unmodified 3D numerical model
described in Sec. VBl

32



591

592

593

_ I
' |
L | |
— - ! SP !
é 3- 2 e‘ : ‘===\
N - @ S oS .
> - Og | ©Fnp,5=0
N | accccacoe Sy - PP
L (GO66666 ___".,\.;‘s:-----:l
L : \aee 4
L | | 5‘ 4
oA : : OV nn, S=0-
| |
r | |
| |
B |
|
I | | Frp, S=1
:I 1 |:| 1 1 1 1

FIG. 8. The rms separation r;; = \/W of each pair of nucleons in %He for the modified
numerical model. “a core” pairs are denoted by unprimed symbols, pairs interconnecting “a core”
and the valence neutrons are denoted by primed symbols, and the one pair formed by the two
valence neutrons is denoted by a double-primed symbol. The solid gray vertical line at £ = 0
intercepts with the unmodified 3D numerical model results. The two dashed black vertical lines
delineate the bounds of the reasonable range of &, —2.3 fm? < ¢ < 2.7 fm? as discussed in the
text. The red horizontal bar on the left of the graph indicates the average value of r;{n’ g—p in the
reasonable £ range. The vertical line at the middle of the red horizontal bar is the uncertainty bar
of r;’m’ g—o» Which extends over the values obtained in the reasonable range of {. The estimated
T s—o = 4127048 fm.
2. The rms separation of nucleon pairs in the “a core” should be smaller than or equal to
those interconnecting the “a core” nucleons with the valence neutrons, otherwise the

nucleon we previously labeled as one of the valence neutrons should be re-classified as
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a nucleon of the nucleon cluster (the “core”), and the one that has longer separations
from other “core” nucleons should be removed from the “core”. If our model still
respects quantum concepts from the shell model of nuclei, the cluster should contain
a closed shell of nuclei, and we just need to switch around the indices of the affected
nucleons or (r?);; accordingly. The overall results would not change, only differing by
a sequence of relabelling. As a result, we can obtain the results over a range that does

not require such a relabelling process.

3. The relative size of rms separation between S = 0 and S = 1 pairs should remain
stable throughout the range. Particularly, for pairs with identical isospin projections
(nn and pp), the rms separation for S = 0, in general, should be smaller than S = 1.
This applies to both *He and ®He, as can be seen in Table [} and the analysis followed
by that. Even though we allow a non-zero ¢ deviation, we want to keep the results

consistent qualitatively with the previous £ = 0 results.

When ¢ < —2.3 fm?, r;p is less than r,,, the second criterion is not satisfied. Thus we
determined the lower bound of the reasonable range of ¢ to be around —2.3 fm?. For the
third criterion, when comparing r/,, ¢_; With 7., s=0, 77, 5= and r;,, ¢_o, we found that in

the range of £ > —2.3 fm?, r,,,, 5—o and Ty 5o are always smaller than r), ¢_;. Only r}; o

/

exceeds 17, ¢_

. at around ¢ = 2.7 fm* and continues to be larger at even larger values of
¢, setting the upper bound at ¢ = 2.7 fm?. Combining the two bounds, we estimated the
reasonable range of £ to be —2.3 fm? < £ < 2.7 fm?.

The resulting positions of nucleons are illustrated in Fig. (c) Again, the four “a core”
nucleons are nearly in the same plane, even with a large deviation of £ from zero. Since
the variable ¢ will not change the length of the proton pair, the two protons remain at the
original locations of the unmodified model. We also note that as the pair distance of the
valence neutrons increases, the pair distance of the “a core” neutrons decreases.

Fig. |§| shows the rms point-proton or point-neutron radius of each °He nucleon for the
modified 3D numerical model as a function of £&. They are obtained by taking the Fuclidean
distances between the resulting nucleon positions and the center of mass of He. We see a
large gap between the radius of the “a. core” nucleons and that of the two valence neutrons.

In a classical picture, the “a core” nucleons tend to cluster in the same orbit, while the two

valence neutrons are in higher orbits.
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FIG. 9. The point-nucleon rms radius of each °He nucleon for the modified 3D numerical model.
The point-proton (point-neutron) rms radii are labeled as ), and r, for the two protons (7, , 7n,,
Tng and 7y, for the four neutrons), each a different marker/color, to manifest their differences with
the traditionally defined point-proton (point-neutron) radius 7, (r5,), which do not distinguish
each nucleon. The gray vertical line at £ = 0 intercepts with the results of the unmodified 3D
numerical model. The vertical dashed lines delineate the bounds of the reasonable range of &,
—2.3fm? < E<27 fm? as discussed in the text. The point-nucleon rms radius of each nucleon is
calculated by averaging the values in the reasonable £ range and indicated on the left side with a
horizontal bar. A vertical uncertainty bar at the middle of the horizontal bar shows the range of
these values. The range of the four *He point-nucleon rms radii calculated by the 3D numerical
model is shown by the horizontal red band, which turns out to be narrow indicating a nearly

tetrahedron structure for *He.

Table shows the rms point-nucleon radii for °He calculated by the 3D numerical
model and the modified 3D numerical model compared with the traditional method using
Eq. and Eq. with the ab initio NCSM calculated results. There is a ~0.5%

deviation between the 3D numerical model results and the traditional method results, since
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the 3D numerical model only describes the dominant two-body total spin configuration. The
modified 3D numerical model introduces an additional degree of freedom £ to the numerical
model, producing the rms point-nucleon radii with uncertainty ranges that overlap with the
traditional method’s results. The average rms point-nucleon radii over a group of nucleons
is calculated by taking the root-mean-square of rms point-nucleon radii of the nucleons in

the group.

TABLE VI. Results of the point-nucleon rms radii of °He [fm] (A2 = 10 MeV, Nyax = 16). See text
for details. The 3D numerical model (“3DNM”) and the modified 3D numerical model (“M3DNM”)
are based on the dominant configuration using the ab initio NCSM calculated results. The shaded
regions represent values for the “a core”. The average values of 3DNM and M3DNM for each
nucleon species are compared with the point-nucleon rms radius traditionally defined (“TD”) and
calculated using the ab initio NCSM (as in Table. The shaded (unshaded) bracketed values are
the average values for the “a core” (the valence neutrons). For an additional comparison, we also
show the values obtained by TD for Nyax = 18 (A2 not fixed, corresponding to the minimum Ar
in Fig. (1] and Fig. ) with a rough and conservative estimation of error by a linear extrapolation
of Ar with increasing Npax. The experiment values are shown in the last column, where r, is

calculated by 7, and 7, using Eq. .

| [ 3oNM| ave. | M3DNM | ave. || TD | TD (18%) | Expt. |
1.90 1.90 19:00 1.912(18)[57

Tp 1.89 To00 | 1.89(0) || 1.89 1.90(5) (18)E7
1.88 1.88 000 1.938(23)/1.953(22)[58]
1.96 | (1.86) | 1.94 732 (1.86(8))
1.71 L7

T 2.60 Toos |2:60(11)| 2.61 2.64(22) 2.35-3.09
3.03 3.03 1008
3.34 | (3.19) || 3.35 799 {(3.19(9))

Tm - 2.39 - 2.39(8) || 2.40 2.42(24) 2.23-2.75[56]

The point-proton rms radii for the two protons calculated by the 3D numerical model
(3DNM) are 1.90 fm and 1.88 fm. For the modified 3D numerical model (M3DNM), because
the center of mass of the He nucleon system changes due to changing positions of the four
neutrons with different &, the point-proton rms radii for the two protons are associated with
uncertainty ranges which are well below the number of quoted significant figures in Table

The average point-proton rms radius over the two protons is about 1.89 fm for both

3DNM and M3DNM, which is the same to three significant digits as the point-proton rms
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radius traditionally defined (TD) and calculated by ab initio NCSM shown in Table [V} The
average point-neutron rms radius over the four neutrons for the 3DNM is 2.60 fm which is
close to the 2.61 fm calculated by the TD approach. We note that the M3DNM average
point-neutron rms radius 2.60+0.11 fm overlaps with the TD result. The average point-
nucleon mass rms radius 2.39 (2.39£0.08) fm calculated by the 3DNM (M3DNM) is only
0.01 fm less than the 2.40 fm obtained by the TD approach. The point-nucleon rms radii
for the ground state dominant configuration generated by the 3DNM and by the M3DNM
largely reproduce the ab initio NCSM results for the ground state at given Ny, and hS2.
The “a core” radius 1.86 (1.86+0.08) fm calculated by 3DNM (M3DNM) supports a swelled
“a core” inside ®He compared with He (1.50840.003 fm calculated by the 3DNM), which
can also be seen in Fig.[9] The valence neutrons have significantly larger average radius 3.19
(3.1940.09) fm calculated by the SDNM (M3DNM) compared with the “a core” radius.

We note that r,, (r,,) is different from r,,(r,,) and r,, also has a minor difference with
Tp,- This is due to the fact that the right hand side of Eq. is fixed by the rms separation,
not the rms radius. For example, the four np pairs inside the “core” have one singlet and
three triplets. That one singlet has a different (r?);; from those three triplets. So one
neutron inside the “core” forms one np singlet and one np triplet with the protons, and the
other neutron inside the “core” forms two np triplets with the protons (see Fig. , resulting
in one closer to the center of mass and the other farther away from the center of mass (of
course the location of the center of mass is determined by all the six nucleons, which is more
complicated).

Additionally, we calculate the opening angle of the two valence neutrons with respect to
the center of mass (CM) of the “a core” 0, which is useful for quantifying the correlation
of the two valence neutrons [59]. The results are shown in Fig. [I0] We obtain 6,, =
58.5123 degrees, estimated from results in the reasonable range of £&. We note that the
rms separation of the valence neutrons 4.12%0-37 fm illustrated in Fig. [8| overlaps with the
rms separation between the valence neutrons and the CM of the “a core”, 4.02+)4% fm and
4.381002 fm, computed by the relative distances of the valence neutrons to the CM of the
“a core” for the M3DNM. So the “a core” and the two valence neutrons form a nearly
equilateral triangle, reminiscent of the Borromean character of ‘He.

The four-body continuum-discretized coupled-channels (CDCC) method has been applied
to analyzing the scattering data of °He [60, 61]. ®He was treated as a three-body system
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FIG. 10. The opening angle 6, for He. The gray vertical line at £ = 0 intercepts with the results
corresponding to the unmodified 3D numerical model. The dashed lines delineate the bounds of
the reasonable range of £, —2.3 fm? < ¢ < 2.7 fm? as discussed in the text. The red horizontal bar
on the left of the graph indicates the average value of 6,, in the reasonable range. The vertical
bar at the middle of the red horizontal bar shows the uncertainty of 6,,,, which extends over the

range of values in the reasonable range of £&. The estimated 6, = 58.5f2:§ degrees.

consisting of an inert a-core and two valence neutrons. The scattering wave function of
6He has one bound state and multiple discretized continuum states. A phenomenological an
potential [62] and the Minnesota potential [63],64] for nn were involved along with the optical
potentials for the targets. The B(E1) distribution was extracted from the breakup cross
section calculated by the method. The calculated breakup cross section was alternatively
adjusted using the experimental data to build an empirical modified CDCC model, assuming
all the events are elastic. Geometrical information can then be extracted from both methods,

with known matter radii of o and °He deduced from previous experiments.

We compare our 0y, and /72, = 1, 5, results from the modified 3D numerical model
with the reported values from the CDCC in Table [VII Our result of 6, is consistent with
0,.n of the modified CDCC but 5°~15° smaller than that of the unmodified CDCC. 6,,, in

our work and CDCC are all significantly smaller than the average opening angle of 90° for
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two noncorrelated neutrons [59], suggesting a sizable dineutron correlation in ®He.

TABLE VII. Comparison of geometrical information of ®He from different methods

Interferometry [65] CDCC/modified CDCC [60] This work (M3DNM)

Orn (°) N.A. 68/56™7, 58.5150
/72, (fm) 5.941.2 N.A./4.1(7) 4.1270%

Our \/@ result is also consistent with the one obtained from the modified CDCC. We
further compare our \/@ result with the one obtained from an interferometry experiment
[65]. The upper margin of the range of our /72, result is 0.2 fm smaller than the lower
margin of m obtained by the interferometry experiment. m in our work and the
modified CDCC are both smaller than the value obtained by the two-neutron interferometry
technique, which is thought to be more sensitive to the higher states instead of the ground
state [66].

The result of 6,,, in our method favors the empirical modified CDCC model over the
unmodified CDCC. According to the quoted paper [60], this suggests that the significantly
larger breakup cross sections in high E.. region of experimental data compared to the
unmodified CDCC results in that region in Fig. 1 of Ref. [60] should be mostly owing to the
excess of elastic breakup events at high F,.j, rather than inelastic excitations assumed in the
unmodified CDCC. Whether this is a common feature for halo nuclei breakup experiments

on a heavy target is an interesting and open question.

VI. CONCLUSION AND DISCUSSION

Our main highlight is that we use a 3D numerical modeling method for the dominant
static (“snapshot”) configuration of the ground state “He based on two-body observables r°
and r? calculated by the ab initio NCSM. We also build an analytic model that involves
symmetry assumptions as an initial trial towards 3D modeling and provides some hints of
characteristics for the He halo structure.

Both the unmodified and modified 3D numerical models of 5He show a large gap between
the rms radii of the nucleons within the “a. core” and those outside the “a/ core”, which is
a clear signature of halo structure. The point-nucleon rms radii from these two models are

consistent with those traditionally defined and calculated from ab initio NCSM, supporting
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their use for our static and classical 3D numerical models based only on the dominant
configuration of the ground state to infer the geometric properties of the ground state.

We obtain a nearly planar shape for the a cluster in ®He. This unusual shape is contrary
to our intuition that the shape of the « cluster should be similar to the static shape of *He,
i.e. a tetrahedron. The altered shape of the a-nucleon system from “He to ‘He is due to
the interactions between the two valence neutrons and the « cluster nucleons. That is, in
the resulting static configuration of °He, the correlated halo neutrons significantly distort
the a-nucleon system from its free-space shape. That is, we obtain a classical version of a
significant “core-polarization” effect.

In addition, we found a nearly equilateral triangle configuration for the center of mass
of the a cluster with the two valence neutrons. The opening angle of the two valence
neutrons with respect to the center of mass of the a cluster 6,, = 58.5757 degrees and
the rms separation between the two valence neutrons /72, = 4.12*0%7 fm, both of which
are consistent with the results from a phenomenologically modified CDCC method [60].
However, our 6, result is 5°~15° smaller than the one from the unmodified CDCC. By
comparing with \/% deduced from an interferometry experiment [65], we found that the
upper limit of our m value is 0.2 fm smaller than the lower limit of the value obtained by
this experiment. This may be due to the higher sensitivity of the interferometry experiment
to the excited states compared with the ground state.

It is intriguing that these elementary, classical and static mathematical models produce
consistent results with the literature, using calculated two-body observables from our ab
initio methods as the model input. For larger nuclei, one can ask whether it is possible
to develop a systematic mathematical tool for the N-body 3D modeling problem. In this
connection, it is interesting to contemplate how far we can go if we also include results of
other operators such as 7%, r® and three-body operators. In addition, some of the sym-
metry assumptions can be removed, enabling us to turn on a finer and finer resolution for
this inferred classical structure of a nucleus, depending on our purpose and the amount
of computational resources. Methods for arranging the overall moments in a sequence for
reconstructing 3D images can be found in other areas [67, [68], most of which involve sym-
metry assumptions and dozens of moments to resolve a satisfactory image. In our ab initio
method applied here, the intrinsic resolution is limited to the two-body level. Incorporating

the multi-body moments will expand upon the two-body information that can be used in
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the 3D numerical modeling. Finding a mathematical structure for representing the moments
of the two-nucleon density up to some limiting multipolarity appears to be more practical
in the near term.

In the future, we aim to apply our method to other nuclear systems associated with
clustering phenomena, such as other halo nuclei 8He [69], *Be [70], 'Li [6] and candidates
of multi-a-condensed states [71] ®Be, 12C*(0;), %0 etc.. We also aim to test the robustness
of our 3D numerical modeling method using results from ab initio NCSM calculation with

different inter-nucleon potentials.
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APPENDIX: MOSHINSKY TRANSFORMATION

Following closely the notation of Ref. [72], the single particle HO wave functions are
(Flnlm). (54)

The two-body oscillator wave function with total AM A and its projection p is

<F1F2|n1l1n2l2)‘ﬂ> = lel (Tl)lez <T2> Z CTfllﬂl%J\A Yllm1 (Ql)meQ(Q?)' (55)

mima2

Using the two body relative coordinates

_ 1
r=—(r — 7 and R=—
2(1 2) \/5
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one arrives at
(FRlnblnaloAp) =Y i(r, R) > Clir) Yo () Yiar(Q), (57)
L mM
where ¢ = {n1linalol LA}, and
i(r, R) = > (nl, NL; Ajnyly, nala; \)i R (r) Ry (R), (58)
nN

with the well-known Moshinsky brackets (nl, NL; A\|nili, nala; A); subscripted by the ratio
of the mass of the two bodies (see e.g. [73]).
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